In this note we show that the recent conjecture proposed by Cachazo and Strominger holds at tree level in arbitrary dimensions. The proof makes crucial use of the fact that the sub-leading operator is defined using the total angular momentum operator. A key ingredient that makes the proof possible is the CHY formula for graviton amplitudes in arbitrary number of dimensions.
dimensions. The proof proceeds by explicitly computing the λ expansion on the left hand side of (2) and comparing the resulting expression with the explicit calculation of the right hand side. This paper is organized as follows. In section 2 we review the CHY formula for the tree level graviton scattering amplitude. In section 3 we will perform the explicit expansion on the left hand side of equation (2) and show that the Weinberg soft limit term as well as higher order corrections may be obtained by a contour deformation and Cauchy's residue theorem. In section 4 we will explicitly compute the higher order terms on the right hand side of equation (2) and show that the two expressions agree and thereby complete the proof.
Note added: As already mentioned, completing the proof involves computing the action of the total angular momentum operator including the spin and orbital contribution. While this work was being prepared for submission, a paper [5] appeared in which part of the soft theorem corresponding to the orbital angular operator was proven using similar methods to those used here.
Tree level graviton scattering and CHY formula
A set of equations relating the position of n punctures on a sphere to the space of kinematic invariants of an n-particle massless scattering amplitude was found by Cachazo, He, and Yuan(CHY) [3] . These equations are called the scattering equations and are given by:
In this section and the rest of the paper we will adopt the notation used in [4] . Using these equations the existence of a closed form equation for the complete tree level S-matrix of gravity theories in any dimension was proposed by CHY [3] as an integration over the variables σ i localized on the solutions of the scattering equations. The explicit construction was subsequently outlined in [4] . In this section we will briefly review this construction in which a n-particle graviton scattering amplitude is given by the following equation:
Since the scattering equations are invariant under SL(2, C) transformationsz only n − 3 of these equations are independent. Using a Fadeev-Popov procedure to mod out this redun-dancy the amplitude may be written as:
where σ ab ≡ σ a − σ b and E n is a function of the integration variables σ i as well as the momentum and the polarization vectors of the external particles involved in the scattering process. It is clear that the delta functions completely localize all the integrals and the integration reduces to a sum of the integrand as well as a Jacobian factor on solutions of the scattering equations. To give the explicit form of E n ,we introduce the following definition:
where A, B, C and D are n × n matrices whose components are given by the following:
With this definition E n is given by the following expression :
Where Ψ ij ij is the matrix obtained by removing the rows i, j and the columns i, j from the matrix Ψ. It was shown in [4] that the result is independent of the choice of i and j.
3 Taking the soft limits and expansion in λ Weinberg's soft limit theorem [1] states that the single soft limit of a graviton scattering amplitude to lowest order is given by the universal Weinberg pole formula. The correct soft limit behaviour of CHY equations to leading order was demonstrated in [3, 4] . More recently Cachazo and Strominger presented evidence for a conjecture giving a universal formula for higher order terms in the soft limit of a graviton scattering amplitude [2] . In this paper they showed using the BCFW recursion relations that this conjecture holds non-trivially for all tree level graviton scattering amplitudes in four dimensions. The conjecture can be stated as follows:
where λ is the expansion parameter and M n+1 is the complete expression for the scattering amplitude including the momentum conserving Dirac-delta distribution. The first term on the right hand side of (9) is given by Weinberg's soft theorem and S (1) in the second term is an operator acting on the scattering amplitude. The explicit form of S (1) is given by:
where E µν is the polarization vector of the soft graviton andĴ µν a is the complete angular momentum operator, including both the orbital and spin contributions.
In order to show that the conjecture holds in all dimensions at tree level we will use the CHY formula for the graviton scattering amplitude. By computing the expansion of the scattering amplitude in the soft limit parameter λ and comparing the results with the action of S (1) on the scattering amplitude on the right hand side of equation (2) we will confirm the conjecture for tree level processes.
To make the expressions more compact we make the following definitions :
First consider an n-particle graviton scattering amplitude with the soft limit taken on the n-th particle (k n → λk n ):
The expansion of the delta functions corresponding to the first n − 1 scattering equations is given by
Noting the definitions made in the last line and dropping terms of O(λ) ,we may rewrite the expansion of the scattering amplitude as:
Where
n is the i-th coefficient in the Taylor expansion of E n in λ. Note that the first term is given by Weinberg's soft theorem:
The full expression for the second term of (14) is given by:
Note that the integral over σ n does not have a pole at ∞ and therefore we may use contour deformation to evaluate this integral using a residue theorem. To prove the conjecture we must consider the action of the operator S (1) on the scattering amplitude M n−1 . In order to do this we write out the operator S (1) as it acts on the scattering equations:
The action of the operator on the scattering equations is then given by:
We may now compare (16) with parts of the expression given by the action of S (1) on M n−1 that have the same delta function support under the integral:
Comparing (16) with (19) we isolate the terms on the same support to be:
Proving that A = B is equivalent to showing that:
We must now consider the first order expansion of the determinant in the last term of (14).
For simplicity we will choose a gauge fixing condition such that k n .ǫ a = 0. The first term in the Taylor expansion of E n is obtained by computing the derivative of the determinant with respect to λ evaluated at λ = 0. The derivative of the determinant is obtained as a sum on i, of the determinant of matrices where the ith row is differentiated with respect to λ:
and the superscript a denotes removing row a and the subscript b denotes removing column b. For simplicity we have chosen i=1 and j=2 in (8). Using the properties of the determinant we may expand each term in (23) as follows:
where we denote removing the rows and columns n and 2n by dropping the tilde sign. Note that we are interested in computing the following expression:
By shifting the summation variables and noting that ψ
a we may rewrite this expression as:
where I ab is given by the following :
Here we have used the fact that the integrand does not contain a pole at ∞ and performed a contour deformation to evaluate the integral. Using (29) and the fact that ψ a a = 0 (since it is the determinant of an anti-symmetric matrix with an odd number of rows and columns) we obtain the following expression:
4 The action of S (1) on the determinant
We now consider last term in (19) which contains S (1) E n−1 by considering the action of this operator on the determinant. 
Where S 
Taking m = n − 1 and using (33) and (34) on (32) and the gauge fixing condition we obtain (30), thus completing the proof of the conjecture for tree level graviton scattering amplitudes.
